A closure for the compressible portion of the pressure-strain covariance is developed. It is shown that, within the context of a pressure-strain closure assumption linear in the Reynolds stresses, an expression for the pressure-dilatation can be used to construct a representation for the pressure-strain. Additional closures for the unclosed terms in the Favré-Reynolds stress equations involving the mean acceleration are also constructed. The closures accommodate compressibility corrections depending on the magnitude of the turbulent Mach number, the mean density gradient, the mean pressure gradient, the mean dilatation, and, of course, the mean velocity gradients. The effects of the compressibility corrections are consistent with current DNS results. Using the compressible pressure-strain and mean acceleration closures in the Favré-Reynolds stress equations an algebraic closure for the Favré-Reynolds stresses is constructed. Noteworthy is the fact that, in the absence of mean velocity gradients, the mean density gradient produces Favré-Reynolds stresses in accelerating mean flows. Computations of the mixing layer using the compressible closures developed are described. Full Reynolds stress closure and two-equation algebraic models are compared to laboratory data. The mixing layer configuration computations are compared to laboratory data; since the laboratory data for the turbulence stresses is inconsistent, this comparison is inconclusive. Comparisons for the spread rate reduction indicate a sizable decrease in the mixing layer growth rate.
models constructed using the dilatational dissipation or pressure-dilatation to explain the suppression of the turbulence [in the mixing layer] do not appear to be reflecting the correct physics.
Thus, if it is assumed that the primary source of the reduced mixing rate in the mixing layer is due to the reduction in the shear stress anisotropy as indicated by DNS then a closure of the second-moment or Reynolds stress equations is required: the pressure-strain covariance appearing in the second-moment equations is the only possible mechanism for such behavior. This is a substantially more difficult problem than that treated using the energetic approach; the quantities requiring closure are no longer scalars but second-order tensors.
As one might expect, true compressible second-order modeling attempts are few, [7, 19] .
This article describes the development of a closure for the compressible aspects of pressure-strain covariance appearing in the Favré-Reynolds stress equations. [As is clear from the material, the phrase Reynolds stresses will be used to refer to the Favré-Reynolds stresses.] Closures for the unclosed terms involving the mean acceleration are also constructed. In as much as most engineering calculations [in this country] are done with lower order closures this article therefore also includes the additional development of the secondorder moment closure into an algebraic Reynolds stress closure, suitable for flows in structural equilibrium, following established procedures [20, 21, 22, 23, 24, 25, 26, 27, 28] .
The algebraic Reynolds stress expression is noteworthy for the fact that it indicates that, even in the absence of mean deformation, the mean density gradient is a source of turbulence stresses in accelerating mean flows. As a consequence, for flows with large arbitrary mean density and pressure gradients an eddy viscosity representation for the Reynolds stresses is, from first principles, inappropriate. Qualifications regarding this statement are further discussed in §4.
In the next section, §2, the Favré averaged nondimensional form of the governing equations are given. Both first and second-order moment equations for a compressible medium, with no combustion, are given. Issues related to moment closures for compressible turbulence are also outlined.
The development of closures for the effects of compressibility in the Reynolds stress equations is described in §3. It is shown that, within the context of a pressure-strain closure linear in the Reynolds stresses, an expression for the pressure-dilatation covariance can be used to construct the off-diagonal components of the pressure-strain covariance. In this way the results of previous so-called energetic approaches, [9] , to the effects of compressibility can be built into the deviatoric portion of an expression for the pressure-strain.
It is hoped that such a procedure would allow one to avoid the development of a whole new theory and methodology for a compressible pressure-strain closure.
Closures for the effects of the mean acceleration, which involve the mass flux, are also developed. The new closures account for the influence of the turbulent Mach number, and the mean density and pressure gradients through a new quantity, the baroclinic dyad. The effects of the bulk dilatation are also included. Section 3 is concluded with a summary of models for the compressible dissipation; given the acknowledged lack of importance of the compressible dissipation in weakly compressible aerodynamic turbulence, as discussed above and in §3, no development of models for the compressible dissipation is pursued.
Starting with the closure for the second-order moment equations developed in §3, §4 develops an algebraic closure for the Reynolds stresses. The physics of compressibility as captured by the full second-moment closure are therefore built into the simpler and more widely used two-equation k − platform. The tensor polynomial representation techniques employed produce both two-dimensional and three-dimensional versions of an algebraic turbulence stress closure. Given the complexity of the three-dimensional algebraic closure and the current status of single-point turbulence models for three-dimensional flow only the two-dimensional model is developed into a working closure.
Section 5 focuses on a numerical investigation of the closures. The numerical method used to simulate the free-shear flows of interest is sketched. The theory and results presented in earlier sections are implemented in simulations in the mixing layer.
Simulations using second-order moment (SOM) closures as well as the algebraic models are conducted. The numerical experiments are constructed with the intention of investigating several very different issues of relevance to the prediction of compressible turbulent flows for engineering purposes. Foremost in importance is the ability of an algebraic stress model -that includes the effects of compressibility -to reflect the physics in the full SOM closures.
The pressure-strain methodology developed for the SOM equations in §3 are general and depend on a choice of closures for the pressure-dilatation. As consequence it follows that it is necessary to understand sensitivity of the formulation to different models for the pressure-dilatation. In this context two pressure-dilatation models are investigated.
In addition to assessing the sensitivity of the pressure-strain model to different pressure-dilatation models and the suitability of the algebraic stress closure, we compare the computational results to what is seen in numerical and laboratory experiments. Of particular interest is the well known effect of compressibility on reduction of the spread rate of the mixing layer. In as much as the reduction in the spread rate is due to changes in the the anisotropy of the Reynolds stresses, as a function of compressibility, are also investigated. Given that the anisotropy of the Reynolds stresses is dependent on the pressure-strain, the effects of compressibility on the different components of the pressure-strain are also investigated.
Governing equations.
The problem formulation is now described. This includes a statement of the governing equations -the first and second-moment equations. Indications of the modeling issues to be addressed in subsequent sections are also given. The Favré averaging procedure is first described.
The conservation equations for mass, momentum and energy in a Favré setting are now derived. The dependent variables used are the density ρ, the velocity u i and the total energy e t = h − p/ρ + u i u i /2. The fluid is assumed to be Newtonian fluid satisfying the Stokes relation with zero bulk viscosity and a constant molecular Prandtl number. Although real gas effects are of interest for industrial applications there are a sufficient number of unresolved and more important issues associated with compressibility that justify limiting the study to ideal gases. Consequently, the pressure p is obtained from the equation of state p = ρRT .
The Favré averaging procedure is now described: denote by an over-bar the ensemble (or time) average and by the brackets the density weighted ensemble (or time) average:
The ensemble average obeys the following decomposition rules:
The Favré average obeys the following decomposition rules:
The application of the above averaging procedure on the instantaneous transport equations, decomposing the variables Favré mean and fluctuating components, produces the Favré averaged equations. The equations of motion are first rewritten in nondimensional form (with respect to reference values taken in the high speed stream: ρ ∞ , u ∞ , T ∞ , µ ∞ and the inlet value of the vorticity thickness δ ω ). Using these reference quantities, we define the relevant nondimensional parameters: the Reynolds number Re = ρ ∞ u ∞ δ ω /µ ∞ , the Prandtl
For this study, P r = 1.
First moment equations.
The mass conservation equation reads:
and the conservation of momentum is:
Note that the stress tensor notation is changed to 
The Favré mean of the total energy of the fluid
As is the situation with the momentum equation, the molecular flux term in the energy equation introduces the other type of mean quantity present in the Favré formulation -the plain ensemble mean. Using the new notation, the heat flux
has the resulting averaged expression:
The remaining terms on the right-hand side of the energy equation can be expanded by using the equation of state in the average sense
Then the pressure work term is of the form
the viscous work term reads
and the turbulent total energy flux is
The fluctuations of transported quantities in turbulent flows are sustained via interaction between the mean gradients and the turbulence. The fluctuations will be characterized by length and time scales of the order of those of the mean flow and which, provided the Reynolds number is large, will be many orders of magnitude larger than the fine scales at which the molecular diffusion is important. Thus the form of the moment equations carried in the closure development for the computation of free shear flows will not include viscous transport effects.
Second-order moment equations.
The average of the first moment of the Favré decomposed Navier-Stokes equations produces the following second moment equations:
It is necessary to provide a closure for two compressible quantities: the pressure-strain correlation and the mass flux/pressure gradient (the last three terms in the second line). The molecular diffusion terms are generally small in high Reynolds number flows and will be negligible for problems addressed here. It should be pointed out that, depending on how the derivation is done, the mass flux terms multiply the acceleration of the mean flow. For this reason the mass flux terms are often called acceleration terms: they appear to be important in accelerating mean flows.
Various tensors are divided into their traces and their deviators. The production of the Reynolds stresses becomes,
where P is the production of k . The pressure-strain covariance is written as
The viscous and pressure acceleration terms are written, respectively, as (11) and
Note that the mean pressure gradient appearing in M ij and the mean viscous stress appearing in V ij can be replaced using the mean momentum equations. In which case they are written in terms of the mean flow Lagrangian acceleration. Both of these terms involve the mass flux; any closure for these two acceleration terms requires a closure for the mass flux. The dissipation is rewritten as
In turbulent free shear flows the viscous diffusion part is overlooked owing to high Reynolds numbers which are characteristic to these flows. The present analysis can accommodate the discarded viscous terms when necessary; the tensor V ij will be carried for generality. Furthermore, the turbulent transport terms are considered together:
The Reynolds stress or second-order moment equations are then written
The equation for the anisotropy. The single point anisotropy tensor, a, is defined
The anisotropy has zero trace. Note that the Reynolds stress has been normalized by k and not 2 k ; in which case this version of the anisotropy is related to an older definition by a ij = 2b ij . The turbulence time scale is τ = k / s where s is the solenoidal dissipation. The second invariants of the mean strain and rotation are denoted by
For subsequent manipulations used to derive an algebraic stress closure in §4 we replace the second-order transport equations with an equation for k and the anisotropy tensor. The following form of the transport equation for the anisotropy tensor, [21] , will be used: 
The additional terms reflecting the compressible nature of the turbulence are on the last line; they are, respectively, the pressure-dilatation covariance, the mass flux -mean acceleration, and the compressible dissipation. Note that neither the pressure-strain nor the mass flux/pressure acceleration terms, M ij , appear in the k equation. The effects of the pressure-strain and the M ij , appears only in the Reynolds stress equations. Any classical two-equation turbulence model cannot, as a consequence, account for the physics associated with these two unknown covariances that lead to changes in the Reynolds stress structure. Early approaches accounting for the effects of compressibility have focussed only on the effects of compressibility as they occur in the energy equation. This so-called "energetic" approach, to use the phrase of Simone et al. [9] , for the effects of compressibility misses the changes in the Reynolds stresses due to compressibility and inertia. It is for this reason that, in §3, the second-order equations are closed. An algebraic Reynolds stress closure is then derived in §4. In this way the structural effects of compressibility, for a certain class of flows, can be accounted for in the context of a two-equation single-point closure.
The dissipation equation. The dissipation appearing in the kinetic energy equation is typically written, for locally homogeneous flows, [4, 6, 29] , with Ω ij (u) = 
where C 1 = 1.44 and C 2 = 1.92.
3.
Compressible closures for the second-order moment equations. This section describes the development of closures for the unknown terms in the second-order equations. The pressure-strain covariance appearing in the Reynolds stress equations is closed using a linear tensor polynomial representation in the Reynolds stress following well established procedures similar to Launder et al. [30] . In recognition of the minor role viscosity plays in high Reynolds number free shear flows, only pressure-strain and pressure-acceleration closures are addressed. The pressure-acceleration terms are closed using a leading order [isotropic] gradient transport expression for the mass flux. The following section, §4, uses the results of the present section to obtain an algebraic closure for the Reynolds stresses.
3.1.
A closure for the pressure-strain covariance. In incompressible turbulence the closure of the pressure-strain covariance by a tensor polynomial linear in the Reynolds stresses is used with notable success for simple two-dimensional mean flows. The procedure is standard; a popular early reference is Launder et al. [30] . An updated version of the linear [30] rapid pressure-strain modeling is given in Speziale et al. [31] . As the ultimate goal is to devise an algebraic Reynolds stress model only pressure-strain models linear in the Reynolds stresses will be considered. A discussion of nonlinear rapid-pressure-strain model and the need for realizability can be found in [32] . Additional discussion of the physical assumptions underlying such methodologies can be found in [33] , [34] and [35] .
The compressible correction to the pressure-strain covariance representation is obtained using established linear procedures. As in the incompressible situation, [30, 34, 32] , the pressure strain-covariance closure can be written as:
Such an expression is possible if the supplementary compressible terms appearing in the Poisson equation for the pressure (see Appendix) are, in the weakly compressible limit, of higher order. This will be the case if the evanescent wave portion of the initial value problem is not important as is the case for aerodynamic applications, [36] . The tensors in the above decomposition are modeled as: (23) Here I pjqi , following precedent, is linear in the Reynolds stresses satisfying necessary symmetry requirements. There are five unknowns. To determine the coefficients in I pjqi additional constraints are required. As is the usual procedure, the normalization constraint, [30, 32] , requires (24) which can be satisfied if
There are now three unknowns and additional information is required to obtain them.
In incompressible turbulence modeling the trace of the pressure-strain is zero, I pkqk = 0, and this provides the additional information to determine the unknowns. In compressible turbulence the trace of the pressurestrain is the pressure-dilatation and the so-called continuity constraint becomes
As the right hand side, pd, is known from earlier energetic approaches to the compressible turbulence modeling problem, the continuity constraint, equation (25) , becomes a constraint that determines the coefficients in the pressure-strain closure. Note that as pd vanishes with turbulent Mach number the incompressible limit, A kk + 4ρ I pkqk [S pq + Ω pq ] = 0, is recovered for vanishing compressibility.
As a consequence of the continuity constraint a certain combination of coefficients appears in the final model. These are readily defined by a portion of (25) such that
The final model for the compressible portions of the pressure-strain is then written in terms of d 1 and
The values of d 1 and d 2 , as will be indicated shortly, are then determined by the expression for the pressure-dilatation. The values of the α i can be related to the d i :
Application of the normalization and continuity constraints then allows the linear pressure-strain model to be written as (27) which follows from (21) come from the incompressible pressure-strain model. In which case the choice of the C i allow one's favorite incompressible pressure-strain model to be used. The above expression for the pressure-strain is used in calculations presented in this paper. The calculations in this article are of standard test flows and are very simple flows. In more complex flows realizable issues may need to be incorporated. A realizable form of the model is given in an Appendix; more details can be found in Adumitroaie [37] .
Commentary.
It has been seen that the knowledge of one invariant of the pressure-strain, the pressure-dilatation, and the assumption of a form linear in the Reynolds stress allows one to obtain a model for the deviatoric components of the pressure-strain tensor. In this way an independent new theory for the compressible pressure-strain can be avoided by using the results of developments for the scalar pressure-dilatation. The results of previous so-called energetic approaches, Simone et al. [9] , to the effects of compressibility is built into the deviatoric portion of an expression for the pressure-strain.
This point merits consideration from another point of view. Consider, for the moment, the following partition of the pressure-strain: . This is done for ease of presentation; in the nomenclature of §2 these quantities would, of course, be represented by S * ij (u ) a precision unnecessary for the present discussion. Thus one can write
The term ps * ij I is closed using standard incompressible pressure-strain closures. The pressure-dilatation is closed using models already in the literature, see §3.2 below. In §3.1 an expression for ps * C ij has been obtained.
As has already been discussed in energetic approaches, the pressure-dilatation cannot account for the suppression of the turbulence by the reduction in the shear stress as is seen in compressible flows. A straightforward extension of the energetic approach to the second-order closure level implies
Such an expression, as is consistent with [13, 18] , is likewise unsuccessful in reducing the turbulence shear stress. As will be discussed further in §5 the pressure-dilatation is a small quantity and has a nominal effect, for α ≈ 1, on the turbulence stresses and energy when it is included in the spherical portion of the pressure-strain. Our procedure, using the pressure-dilatation, produces an expression for the compressible contribution to the deviatoric portions of the pressure strain, ps * ij C . In fact, as was born out by computational experiments, had the expression
[without pd on the diagonal] been used in the numerical investigations reported in §5, our results would not have changed much, for α < 1.
Pressure-dilatation models.
To obtain the final form of the pressure-strain an expression for pd is required. There are some choices. Some proposals for pd require the solution of transport equations for the density variance [5] or pressure variance [7] . There are two pressure-dilatation models [8, 38] that do not require separate equations. The model of Sarkar [38] is:
where χ 1 = 0.15, χ 2 = 0.2, and χ 3 = 0 (still to be determined by the author). Note that the model as we have grouped the terms makes it appear as if it is singular in M t ; it is most definitely not singular. The model of Ristorcelli [8] is
where
Here α is the proportionality constant in the Kolmogorov scaling; we return to this in more detail below. These two models, as well as a third (the Aupoix model), have been discussed in [39] .
The d i are determined by the pressure-dilatation model. For the Sarkar model, one requires that
For the Ristorcelli model one requires that
Transport terms have been neglected; this is necessary to obtain an algebraic closure [which requires homogeneity]. The compressibility of the turbulence will only be important where the turbulence energy is large [and thus also M t ], which is typically in regions of large production and where transport is not as important. Which is to say that transport is only of importance in the peripheral regions of simple flowsregions where the turbulence intensity is low, production low, and [therefore] the fluctuations are essentially incompressible.
The mass flux and pressure-acceleration closures.
The models for mass fluxes have not undergone much development and their importance in a general flow is not fully understood. Judging from the equations one can infer that the mass flux will be important in accelerating flows with large density gradients. There has been some research on the mass flux: [5] solved its transport equations and Ristorcelli [40] showed how an algebraic model for the mass flux can be obtained from its transport equation:
Here ν 0 , ν 1 and ν 2 are the coefficients retrieved from the inversion of the matrix
Roman numbers representing the invariants of G. Note that the leading order term is a gradient transport model. For an isotropic turbulence, an eddy viscosity formulation is possible. For the present set of simple benchmark shear flows, one does not expect the mass flux terms to be very important -the mean flow does not accelerate much. We shall for the sake of simplicity use the eddy viscosity form of the mass fluxthe lowest order contribution in the polynomial given above. This is consistent with the gradient transport model used in [11] .
The baroclinic dyad, a tensor product formed from the mean density and pressure gradients, is defined as (40) and the mass flux/acceleration terms in the second-moment equations can then be written, using the leading order portion of 39, as (41) where
The compressible dissipation.
There are several models available for the compressible dissipation, [4, 5, 6, 8] . Many of these models reflect certain assumptions regarding the importance of the compressible dissipation observed in early DNS of compressible turbulence. The compressible dissipation has since been found to be less important than originally believed. In fact, the low turbulent Mach number asymptotics of [8] indicate it varies inversely with the Reynolds number and as a consequence is negligible in engineering flows, though not in low Reynolds number DNS. Compressible dissipation models are nonetheless included for completeness.
As the Taulbee and Van Osdol [5] compressible dissipation model requires additional transport equations, in the spirit of computational simplicity, that model will not be used. The closure proposed by Sarkar et al. [6] is based on ideas from linear acoustics and appears related to the initial value problem, [36] . It can be written as
with α s = 1.0 from DNS of decaying compressible turbulence; unfortunately this arrangement was deemed to lack universality [19] . Zeman [4] provides a model on the grounds that eddy shocklets occur in high speed flow and relating this assumption to the dilatational dissipation:
It has been shown by Blaisdell et al. [41] that Zeman's model gives incorrect scaling between s and c . Besides, the exponential dependence on M 2 t delivers a steeper growth rate reduction compared to other models.
As has been mentioned in more recent DNS studies, [9, 14, 15, 42] , have demonstrated that dilatational covariance closures with a M 2 t scaling predict effects of compressibility when they are, in fact, very small. In an asymptotic analysis, Ristorcelli [8] has found that the compressible dissipation has an M 4 t dependence and is inversely proportional to the turbulent Reynolds number:
The parameters are I For high Reynolds number flows, in the absence of wall effects, viscous diffusion is negligible.
At this point the Reynolds stress equations have been closed and it is possible to compute the flow using a second-order closure. This is the subject of §5. However, there is a wide class of flows of engineering interest that can be treated using simple algebraic Reynolds stress models. An algebraic closure for the Reynolds stresses is therefore first developed.
A compressible algebraic Reynolds stress model.
A quasi-explicit algebraic model for the Reynolds stresses is now derived. An algebraic Reynolds stress model comes from the fixed point solution of the evolution equations for the anisotropy tensor. These equations can be thought of as describing a turbulence in a state of structural equilibrium: the fixed point solution corresponds to an exact solution of the Reynolds stress equations.
Several permutations of quasi-explicit algebraic Reynolds stress expressions exist: [20, 21, 22, 23, 24, 25, 26, 27, 28] . The qualifier "quasi-explicit" is used to indicate that, as the fixed point equations are nonlinear, the solution is given implicitly. A notable exception is the recent explicit algebraic model of Girimaji [28] who has found the exact nonlinear solution to the fixed point equations. The inception of our work predates [28] and our procedure follows precedents set by [20, 21, 26] . The polynomial representation methods will be used to obtain two-dimensional and three-dimensional versions of the algebraic turbulent stress models.
We use the ansatz introduced by Taulbee [21] , to obtain the fixed point equation corresponding to the differential equation: the Lagrangian derivative in (17) ,
is set to zero, which allows relaxation effects to be built into the Reynolds stress model. Equation (45) allows a relaxation of the anisotropy to its equilibrium value at the same rate that the relative strain relaxes to its equilibrium value, [21] . The combination of transport terms in (17) is set to zero following established algebraic stress modeling procedures:
Applying these approximations results in a quasi-linear tensor expression for the anisotropy.
the algebraic fixed point form of the Reynolds stress anisotropy equation is written (48) where the curly braces signify the trace. From this expression it is seen that the anisotropy tensor
is dependent on three second order tensors, two symmetric and one skew-symmetric.
4.1.
A three-dimensional algebraic Reynolds stress model. Standard representation theory methods can be applied to obtain the solution a ij = a ij (S , Ω, R ) to (48) . In contrast to the incompressible case the solution of (48) is now much more difficult inasmuch as the procedure now involves an additional tensor. Following standard methods the solution can be expressed as a finite 3-D tensor polynomial,
comprised of a linear combination of all the independent tensor products (generators) formed from the three primary tensors. The coefficients in the polynomial are functions of the independent invariants of the tensors.
For this problem the dimension of the [minimal] tensor base is λ = 41 (cf. Spencer [43] ). This is very large and is unlikely to be used in practice.
The complexity presented by such a large tensor basis can be side stepped by simplifying approximation regarding the b 3 term. It has been argued [21, 27] that for the range of values used for the constant C 2 the inequality C 3 C 4 holds and thus the term multiplied by C 3 will only have a small effect on the solution.
This approximation decouples the contributions of S and R to a. As the equation is linear the solution is determined using the superposition principle. This one allows to split the problem into two equations of lower tensor base dimension:
where a S stands for the solution dependent on S ,
and a R denoting the solution dependent on R
The decomposition of a into portions dependent on S and R is unique.
Applying the results from [21] the strain dependent portion of the solution for the anisotropy tensor can be written
Using a similar procedure the portion of the Reynolds stress anisotropy dependent on the baroclinic dyad is written (55) in which the coefficients have the same form as those in a S with the exception that b 1 is replaced by b 2 . To obtain the full anisotropy tensor the two complex expressions (54) and (55) need to be added. In the light of the complexity of the three-dimensional formalism a two-dimensional formalism is developed. It is necessary to recast the equation for the anisotropy in terms of the traceless 2-D tensors:
A two-dimensional algebraic
ij . Here, the two-dimensional Kronecker symbol is δ (2) ≡ [δ (2) ij ] = 1 for i = j = 1, 2 and 0 otherwise. The pressure-strain model is then written:
The pressure acceleration is written
The fact that both 2D and 3D expressions of the pressure-strain correlation model must give the same result when applied to two-dimensional mean flows will be used for our simplifications. Recasting the model in 2D is done to take advantage of the simplifications that result from the 2D structure.
Inserting the closures for the pressure-strain and mean acceleration terms, (56) , (57) into the Reynolds stress equation, using the same ansatz regarding transport at a fixed point, the 2D analog of (48) is obtained:
and g having the same expression as in the 3-D algebraic equation. The two-dimensional polynomial solution of (58) is, as before, also written as
Unlike the three-dimensional solution, however, the generators now consist of only five tensor groups:
,
for which there are five non-zero independent invariants,
The fact that there are no other independent tensor generators [or invariants] can be verified using the 2 × 2 matrix identity: (2) . (62) To obtain the solution to the algebraic equations for the anisotropy tensor, (58), a procedure similar to the one devised by [20] 
for which λ = 0 − 4. The elements of the matrices are determined from the above equations by making use of matrix relations stemming from the Cayley-Hamilton theorem. The 2-D tensor polynomial a = λ C λ T λ is introduced in both sides of relation (58) . By making use of the above matrix identities the coefficients of the tensor polynomials are found to satisfy the following system of equations:
The solution of this system of equations determines the model coefficients in the following algebraic expression for the anisotropy tensor
suitable for two-dimensional mean flows. The eddy viscosities, C µ and C µ , are given by:
The Q i coefficients are given by The high order of nonlinearity of the algebraic equations does not permit, in general, the construction of a fully explicit solution. Instead, an iterative approach is employed during the computations to generate the correct values. The algebraic solution is linearized by lagging the turbulence production term which contains the nonlinearity.
Discussion.
To conclude this section some general statements regarding the behavior of the algebraic closure derived for the Reynolds stresses are highlighted. In §3 a closure for the Reynolds stress equations was obtained. In the present section the fixed point solution of the modeled second moment equations, under the condition of structural equilibrium, was obtained. For two-dimensional mean flows the compressible algebraic stress model can be symbolically written as
Note that products of the mean strain and the baroclinic dyad do not appear. This is due, for two-dimensional flows, to the relation 3. Neither of these eddy coefficients depend on baroclinic effects.
It is seen that in the absence of mean velocity gradients that the turbulence is anisotropic due to the mean baroclinic dyad. This anisotropy manifests itself in the deviatoric as well as diagonal terms.
It is useful to construct a simple example to see how the new effects influence the anisotropy. Consider a simple shear flow with a streamwise acceleration: let the Favré mean velocity, the mean density and the mean pressure gradients be represented by U 1 , 2 , U 1 , 1 , ∇ρ =ρ, 2 , and ∇P = P, 1 .
Several observations regarding the above algebraic expression for the anisotropy can be made:
1. The expression is the first [that we know of] rigorous indication of the direct role the baroclinic dyad plays in determining the Reynolds stresses.
2. The expression indicates that, for arbitrary mean deformation, the mean baroclinic dyad contributes to the deviatoric portions of the Reynolds stress.
3. The expression also indicates that the baroclinic dyad also changes the relative magnitude of the normal stresses. This effect only occurs for mean deformations that are rotational. For an irrotational mean deformation the baroclinic dyad makes no contributions to the normal stresses. 4. For a uniform mean velocity the baroclinic dyad is a source of anisotropy but only in the deviatoric portions of the anisotropy.
The expression indicates the inapplicability of any heuristic gradient transfer arguments for the
Reynolds stresses in flows with important gradients of mean density and pressure.
While these results indicate the inapplicability of any form of eddy viscosity model for the stresses in compressible flows with arbitrary large density and pressure gradients some qualifications are in order. The presence of the baroclinic dyad is likely to be important only in rapidly accelerating aerodynamic flows or in combusting flows where one can expect the mass fluxes to be important. In the absence of these effects it appears that the parameterization of the Reynolds stresses in terms of powers of the mean deformation with modifications according to the compressibility of the fluctuations as those indicated in §3 is appropriate. In addition to assessing the sensitivity of the pressure-strain model to the different pressure-dilatation models we compare the computational results to what is expected from laboratory and numerical experiments. Of particular interest is the well known effect of compressibility on reduction of the spread rate of the mixing layer. The main objective is to assess the effectiveness of the compressibility corrections in reproducing the reduced growth rate of the free-shear layers with increasing Mach number -a phenomenon which is well documented experimentally [44] . We also study the adequacy of the algebraic stress closure with the results of the SOM simulations. In particular the Reynolds stresses and the anisotropy computed using both of these procedures are compared to solutions without the compressible corrections in order to assess the effects of the new pressure-strain closure on the anisotropy. Our intention is to further investigate the notion that the dramatic reduction of the mixing layer growth rate is due to the effects of compressibility on the pressure-strain and, consequently, its effect on the reduction of the turbulence shear stress.
Computational investigations

Numerical method.
The simulations are conducted using a finite difference scheme, following [45] , second-order accurate in time and fourth-order accurate in space. The governing equations are integrated explicitly in time using the predictor-corrector finite difference scheme developed by Gottlieb and Turkel [46] . The Gottlieb-Turkel scheme is a higher order accurate variant of the MacCormack [47] predictor-corrector method. During a numerical sweep, the inviscid fluxes are alternatively differenced backward in the predictor step and forward in the corrector step. Fourth-order central differences are used for the viscous and heat flux terms as well as for the derivatives in the source vector. To maintain stability, it is required that the CFL number be less than 2/3. To prevent numerical oscillations in regions of large gradients a smoothing scheme devised by MacCormack and Baldwin [48] is employed. The method, as outlined in [45] , adds artificial viscosity that is very small everywhere except in the regions where the pressure oscillates.
All simulations are conducted on a uniformly spaced grid in the computational domain. By means of a coordinate transformation the mesh is transversally compressed in the physical domain in the region corresponding to the mixing layer.
The physical domain is a rectangular box defined by the set of points (x, y), in which x represents the streamwise coordinate and y the transversal coordinate. The grid overlaying the computational domain of size xδ ω × yδ ω has 100 × 60 points, where the vorticity thickness δ ω = (u 1 − u 2 )/(∂ u /∂y) max , the brackets denoting the averaged value. In this nondimensionalization, the reference length scale is the magnitude of the vorticity thickness at the inlet. The initial profile for the mean axial velocity is adjusted such that the resulting nondimensional vorticity thickness at the inlet is equal to one. The values of the physical dimensions are (x, y) = [80, 20] for the mixing layer. To evaluate the grid sensitivity the number of grid points is increased by a factor of 1.5. The change in the steady-state values of the peak of the turbulent stresses is less than 2 percent.
To accelerate convergence to the stationary state, a local time stepping technique is used. The convergence criterion is imposed so that the global averaged residual profile attained is stationary for each dependent variable. Although more stringent criteria can be sought, it is known, [49] , that predictor-corrector schemes are limited in their ability to achieve very high rates of residual reduction.
Due to the nonlinearity of the destruction terms, the k − equations display a stiffness which can either generate numerical instabilities or increase the computational time. In order to avoid these inconveniences the turbulence source terms are treated implicitly. The k − destruction terms are decoupled by suitable manipulation of the /k ratio, considered as a known quantity from the previous time step.
Initial and boundary conditions. The initial fields are obtained by propagating the inflow conditions throughout the entire domain; hence, the flow has to sweep the domain at least one time to obtain meaningful results. For ease of computation, the inflow initial conditions (IC) for the flow variables are assumed to be a smoothed step (hyperbolic tangents for the axial velocity or species) or a smoothed hat profile (for turbulence quantities). Uniform profiles are assigned at the inlet to the static pressure, to the static temperature and, by virtue of the equation of state, to the static density.
The boundary conditions (BC) are set according to the elliptic nature of the problem on all four boundaries.
The inflow BC are fixed (Dirichlet) for all primary variables in the supersonic and subsonic regions with one exception. For the portions where the flow is subsonic the pressure is allowed to adjust to the characteristic waves through a Neumann boundary condition. At the outflow and outer boundaries zero gradient (Neumann) conditions are applied due to their non-reflective properties in relation with the outgoing waves. In the mixing layer, the static pressure, temperature and density in the two free stream layers are matched. This isolates the contributions to the layer growth to those due solely to the variation of the reference Mach number.
Free-shear flow parameters. The magnitude of the effects of compressibility are often parameterized by the convective Mach number [50] . In our formulation the expression for the convective Mach number is The subscript 1 refers to the high-speed stream value, while the subscript 2 refers to the low-speed stream value in the mixing layer. No jet simulations are shown in this article; they can be found in [37] .
In the results presented, the spatial coordinate, for the hydrodynamic variables, are given by η. In the mixing layer, η =
y−y(û=0.5) x
, whereû = u −u2 u1−u2 . Unless otherwise specified, the results shown are from computations [ARSM and SOM] with models based on the dilatational models of [8] .
After an initial period of flow development a linear growth rate of the shear layers is attained. In the fully developed regime, when a linear growth rate has been established, the mean velocity and the normalized Reynolds stresses display self-similar behavior. The spread rate of a turbulent shear layer, in the self-similar region, is conventionally expressed as dδ u /dx = C δ (1 − r v )/(1 + r v ) where δ u could be either the 10 percent visual thickness of the shear layer based on the normalized velocity profile or the vorticity thickness, and C δ is a constant (approximately). As the present article is concerned with compressible corrections to the turbulence moment equations no plots of the mean flow quantities are given; the mean field variables are quite typical and can be seen in the literature, [11, 51, 52] .
Mixing layer simulations.
The primary concerns of this article are with 1) a representation of the effects of compressibility as they appear in the pressure-strain covariance and 2) the construction of an algebraic Reynolds stress model useful for engineering calculations. Studies related to both these issues, for the M c = 1.07 mixing layer configuration, are shown in the first two figures. The Reynolds stresses and the production/dissipation ratio obtained for ARSM and SOM calculations are shown in Figures 1 and 2 .
Also shown, as a double check, are curves based on an a priori evaluation of the algebraic stress model; the data from a SOM calculation is used as input to the ARSM. The neglect of turbulent transport in the algebraic stress model is reflected in differences in the normal stresses at the centerline. In general the a priori evaluated ARSM curves follow closely the computed ARSM values indicating that for this flow the neglect of transport in the moment transport equations is justified. The algebraic approximation is, as has been verified at several different convective Mach numbers, suitable for an investigation of trends in this flow configuration.
Also shown in Figures 1 and 2 is the SOM computation without compressibility corrections [NC -no compressibility]. The effect of the compressibility corrections manifest themselves as decreases in the centerline values of uu , uv and vv of approximately 16%, 25% and 24% respectively. This is consistent with that seen in DNS. In addition, the streamwise normal stress suffers a smaller reduction than the other Reynolds stresses. This, as will be seen, will manifest itself in an increase in the streamwise normal anisotropy.
The production/dissipation ratio is shown in the bottom of Figure 2 . The average level of P/ for the compressible case is smaller than the incompressible case; this is consistent with the reduced turbulent kinetic energy of the compressible flow. While the overall level of the production is smaller it is interesting to note that at one location in the mixing layer, the centerline, P/ is nominally higher. It has been conjectured that this might be due to the higher relative strain rates compressible flows may be able to sustain. This is an issue that further DNS may resolve. Figure 3 displays the vorticity thickness. Vorticity thickness spread rates as predicted by the SOM simulations, with and without (NC) the compressibility correction, are shown on the top of Figure 3 . It is seen, that even with such modest contributions from compressibility, scaling as they do with M 2 t , a sizable change in growth rate is seen. The variation of M t with M c is shown in Figure 5 . Reynolds stress anisotropy. In Figure 4 the computed values of the centerline Reynolds stress anisotropies are shown. At low values of compressibility the anisotropy has values similar to that of simple incompressible shears. At higher levels the anisotropy behaves very much like the compressible shear DNS; more of the energy of the turbulence is in the streamwise component as made clear by the increase in a 11 . This is at the expense of the crosstream component, vv , which is reduced. This is, as shall be discussed further, due to the reduction of intercomponent energy transfer due to the compressible aspect of the pressure-strain. There is also a reduction in the shear stress as is seen in compressible DNS.
Comparisons with laboratory Reynolds stresses. The effects of the new compressible models on the anisotropy is shown in Figure 4 . Unfortunately, in the laboratory situation, the spanwise Reynolds stresses are rarely measured. As a consequence the anisotropy is not known and one returns to primitive variables.
The maximum values of diverse Reynolds stresses in the mixing layer are plotted as function of the convective Mach number in Figure 4 . In this figure σ u and σ v represent, respectively, the uu and vv Reynolds stresses nondimensionalized by the square of the velocity difference across the layer. Also shown are the experimental results of Elliot and Samimy [53] . Underlying this comparison is, of course, the implicit assumption of self-similarity. The maximum Reynolds stresses decrease with compressibility. In the present simulations, however, the peak values of the turbulence intensities (axial and transverse) do not vary as strongly as in the laboratory findings of Goebel and Dutton [54] . In fact the present simulations are closer to the results of either [54] or [53] than either [54] or [53] are to each other.
There appears to be a discrepancy. A survey of the diverse compressible DNS indicates that a 11 increases with compressibility. This implies that uu decreases faster than vv . [ Figure 9 of [14] is the most comprehensive presentation of this trend.] This does not appear to be the case in the laboratory experiments. In the mixing layer of [53] uu decreases more rapidly than vv for all M c implying that a 11 decreases with increasing compressibility contrary to DNS results. In [54] uu decreases more rapidly than vv for low M c ; while at moderate M c , uu decrease less rapidly than vv in accord with DNS results. No explanation for this discrepancy between laboratory and numerical data is known.
The pressure-strain tensor. The effects of compressibility on the Reynolds stresses are believed to be the source of the dramatic influence on the spread rate as the convective Mach number increases. The physical mechanisms responsible for these phenomena were once believed to be the compressible dissipation and pressure-dilatation which caused a decrease in the Reynolds stresses due to an overall decrease in k. This was accompanied by no substantial changes in the anisotropy. As discussed in §1, recent simulations suggest that compressibility causes a turbulent shear stress reduction due to a reduction in its associated anisotropy. This is a statement that compressibility manifests itself structurally, not energetically. The reduction in the anisotropy leads, of course, to a reduction in k and ultimately in the mixing layer growth rate.
More recent simulations, [9, 14, 15, 16] all seem to indicate that the major changes in the shear stress are due to the effect of compressibility on the pressure-strain covariance. Figure 6 is an illustration of this idea: Figure 6 depicts the different components of pressure-strain tensor and its trace [the pressure dilatation] at the centerline of the mixing layer. Figure 6 is patterned after Vreman et al.'s [14] Figures 3 and 9 . The behavior of all the components of the pressure-strain, shown in Figure 6 , are very much in accord with the figures of [14] . The only notable difference is the relative levels of Π 22 and Π 33 . The trends are very much the same and the relative behavior -a commensurate across the board reduction with M c -is very much in accord with [15] .
The behavior of the pressure-strain illustrated in Figure 6 is very much in keeping with the current understanding of the mechanism for the reduction of the turbulence energy by the reduction of the shear stress: the only source for the kinetic energy is in the uu component and its production is proportional to uv .
The reduction [in magnitude] of Π 11 and Π 22 means that less energy generated in the uu equation is transferred to vv [by Π 22 ]. As vv has no production vv is much smaller. As consequence of the fact that the production of uv is proportional vv much less uv is produced and much less uu is produced. This can be seen by the considering the truncated forms of the second-order moment equations:
The thesis of [15] provides a schematic of the above process. The behavior of the Reynolds stresses and the pressure-strain indicated by Figures 2 and 6 is consistent with the mechanism for the reduction just delineated. Specifically, the fact that less of the uu energy is transferred to the other components of the Reynolds stress means that the anisotropy, a 11 = 2b 11 , must increase as seen in all the DNS. Note also that the pressure-dilatation as derived by the asymptotic procedure in [8] is extremely small; negligible in comparison to the pressure-strain. Yet its use to obtain the deviatoric portions of the pressure-strain produces a very sizable reduction in the shear stress and the growth rate.
Gradient Mach number. Sarkar [16] and earlier work cited therein have drawn attention to the gradient Mach number as a potentially useful parameterization of the effects of compressibility. Many of the effects of compressibility, as indicated by diverse DNS, have been observed to become more apparent as the gradient Mach number increases. Shown in the bottom of Figure 5 is the gradient Mach number using the definition M g = One of the noteworthy observations made of the effects of compressibility is their tendency to saturate, [11] . In the bottom of Figure 5 the rate of increase of the maximum turbulent Mach decreases at higher convective Mach numbers. This is line with observations of [11] .
Kolmogorov scaling. While in DNS a length can be determined from the two-point correlation, no such possibility exists for single-point closures. Yet a length scale, reflecting the two-point nature of the turbulence problem, is required. The length scale appearing in the Kolmogorov inertial range scaling, ∼ k 3/2 / , was used in [8] .
There is a proportionality coefficient, α, in the Kolmogorov scaling α = s /(2k/3) 3/2 . For infinite Reynolds number isotropic turbulence α ∼ 1. For finite but large Reynolds number anisotropic turbulence undergoing deformation the Kolmogorov scaling is likely to be useful but α is likely to be a flow dependent quantity.
Sreenivasan [55] has made some studies of the variation of the Kolmogorov scaling coefficient: [55] has found values of α ranging between 0.4 − 2 for diverse incompressible simple shear flows. To allow for the expected variability of α two different values of are used in many of the simulations. The value of α does not change any of the trends and does not seem to have too strong an effect on the energy at the centerline as seen in
Figures 4 and 5. It does however effect the mixing layer spread rate as can be seen in Figure 8 .
Mixing layer growth rates. Settles and Dodson [44] have compiled a very large number of experimental results. These are shown in Figures 7 and 8 . The experimental curves come from the experiments of [50, 54, 56, 57, 58, 59, 60, 61] . The scatter in the data reflects the fact that different experiments are done in different wind tunnels, with different inlet configurations and with different reservoirs. The computational curves shown in Figures 7 and 8 reflect two different but complementary investigations. As the "Langley curve" [62] has been a popular benchmark it has also been included. The well known reduction in the mixing rate with increasing M c is seen in all the data. [6, 38] , Ristorcelli [8] are used in the k − scheme. Figure 7 indicates that the results based on the models of Zeman [4] , and Sarkar et al. [6, 38] capture the mixing layer reduction. The reduction of the mixing layer growth rate has been captured by similar mechanisms in both models; most of the suppression is provided by a substantial amount of additional dissipation that comes from the compressible dissipation models. As was pointed out in §1, the compressible dissipation, as has been indicated by DNS and by asymptotic analysis, is not important in these flows. Any arbitrarily dissipative term added to the k equation, appropriately calibrated and scaled, would produce such agreement for the mixing layer growth. Moreover, as with all energetic approaches, there is no possibility of accounting for the very important structural changes that appear in the anisotropy.
As indicated by Figure 7 the pressure-dilatation model of [8] , with α = 2, accounts for a nominal suppression of the growth rate. The compressible dissipation being negligible in analysis of [8] is not included in this calculation. From incompressible DNS, [63] it can be argued that a value of α ≈ 1 might be more appropriate.
As the pressure dilatation scales with α 2 a value of α ≈ 1 would decrease the pressure-dilatation effects by a factor of four. Figure 8 reflects a computation using the compressible algebraic Reynolds stress model. This is exactly the same computation as given in the Figure 7 with the exception that the algebraic Reynolds stress approximation now includes the effects of compressibility in the pressure-strain covariance representation used to close the second-moment equations. Note the substantial changes on the layer growth rate prediction that include the effects of compressibility on the Reynolds stresses produces. The change is more drastic for the Ristorcelli modeling than the Sarkar modeling; this is to be expected as the majority of the growth rate reduction using the earlier Sarkar modeling was built into a dissipative term and the relative change is small.
The algebraic model built upon dilatational closures of [8] shows improvement over the results from a simple k − scheme. if α were an undefined constant one might be tempted to set it so as to match the reduction in spread rate indicated by the data. Given that little is known about α [though it is sure to be in the range 0.4-2.0 and most likely α ≈ 1] these issues must be left to future DNS work.
It is concluded that the present pressure-strain modeling method based on the extension of the wellestablished incompressible procedure, in which the trace-free constraint is relaxed, does rationally account for a significant portion of the reduction in shear stress and growth rate. This procedure is considered a leading order contribution to the compressible turbulence shear stress problem. The possibility that additional compressible corrections to the pressure-strain, addressing physics not able to be accounted for using this constitutive relation methodology, may require consideration.
6. Some issues in compressible turbulence modeling. In our effort to obtain a closure for the effects of compressibility a few issues, already alluded to, have become clearer. These issues are now highlighted.
The baroclinic dyad. The procedure invoked to obtain the algebraic Reynolds model indicates that the baroclinic dyad is a source of turbulence. This, of course, can be anticipated by inspection of the secondorder moment equations. The consequence is that an eddy viscosity representation for the Reynolds stresses is, from first principles, inappropriate for classes of flows in which the mass fluxes are important.
The presence of the baroclinic dyad is likely to be important only in rapidly accelerating aerodynamic flows such as through shocks or in hypersonic situations. The baroclinic dyad is also likely to be important in combusting flows where one can expect the mass fluxes to be important. In noncombusting supersonic flows it appears that a parameterization of the Reynolds stresses in terms of the mean deformation with modifications according to the compressibility of the fluctuations as those derived in §3.1 appears appropriate.
A length scale for single-point models of compressible turbulence. Much of the work described here is based on the leading order asymptotic analysis of [8] . In [8] the effects of the non-zero divergence of compressible turbulence was parameterized by several two-point integrals made nondimensional by a length scale. For single-point turbulence closures the length scale is typically determined by the Kolmogorov inertial range scaling, ∼ k 3/2 / .
For compressible turbulence of interest to supersonic aerodynamic flows the cascade mechanism will be comprised of the usual nonlinear solenoidal modal interactions. The Kolmogorov scaling is expected to be valid in the weakly compressible limit. However, given the notable behavior seen in simulations with increasing compressibility of a length scale, see Figure 4 .28 of the recent [15] , one might expect the coefficient of proportionality, what we have called α, to be a function of compressibility. That this might be the case is also suggested by different instability modes that appear in the compressible flows. Studies similar to the incompressible studies shown in [63] appear to be both interesting and very relevant to issues of compressible turbulence modeling.
Experimental differences in numerical and laboratory data. There appears to be a unanimous agreement in the DNS that, with increasing gradient or convective Mach number, a 11 increases while a 22 and a 12 both decrease. This trend does not appear in the laboratory mixing layer experiments. At low M c , uu appears to decrease more rapidly, with increasing compressibility, than vv . This implies that a 11 decreases with compressibility in contradistinction to DNS results. It is crucial to understand the cause for the differences between the DNS and the laboratory flows of the uu Reynolds stress behavior; turbulence models are based on intuition gleaned from DNS data but are used to predict engineering flows that are more similar to laboratory flows. The present computational results are closer to either of the laboratory experiments of [53] or [54] than the laboratory experiments of [53] or [54] are to each other. Earnest speculation on the source of the differences in the two experiments and facilities is required.
Summary and conclusions.
Progress towards the development of a compressible turbulence closure, starting at the level of second-order moment equations, has been described. Modeling from the secondorder level accommodates important structural changes that appear in the anisotropy and are a feature and a function of compressibility. In the second-order moment equations the compressible contributions to the pressure-strain covariance have been obtained. The pressure-strain has been closed by assuming that, as is consistent with the weakly compressible limit, it can be modeled as a tensor polynomial linear in the Reynolds stresses. The difference from the incompressible case is that the trace of the compressible strain is not zero; it is set equal to the pressure-dilatation for which models exist. The compressible pressure-strain closure features a dependence on several turbulence descriptors: the turbulent Mach number, the relative strain, the gradient Mach number, the production and the dissipation. As a consequence the coefficients in the compressible pressure-strain closure are not constants but functions of the compressible parameters.
In addition to devising a closure for the pressure-strain, a closure for the mean acceleration/mass flux terms appearing in the Reynolds stress equations has also been developed. For the flows studied in this article, which are limited to the flows for which relevant experimental data are available, the acceleration/mass flux moments are not important. The mass flux terms will be important in the combusting or hypersonic flows which motivated the thesis [37] , of which this article treats one aspect.
Having closed the compressible Reynolds stress equations standard tensor representation procedures have been used to produce a compressible algebraic Reynolds stress model useful for flows near a structural equilibrium. A noteworthy item of this portion of the work is that the role that the mean pressure and mean density gradients plays on the Reynolds stresses is immediately seen. As a consequence, it is seen that the baroclinic dyad can, in the absence of mean velocity gradients, contribute to the anisotropy of the turbulence. It is also seen that the mean bulk dilatation contributes to the anisotropy in a way that is quite different from an irrotational strain.
The mathematical results developed here have been implemented in mixing layer computations spanning a wide range of mean flow Mach numbers. In this article the discussion has been limited to the compressible mixing layer for which a sizable amount of literature exists. The calculations presented have been organized along two themes: 1) an investigation of the effects of compressibility as related to the compressible pressurestrain and the Reynolds stresses and 2) a validation of the algebraic Reynolds stress model predictions.
The computations with the compressible pressure-strain indicate that the present modeling [which does not have undefined tunable constants] produces precisely the behavior seen in the DNS of [14] and [15] ; there is a commensurate reduction, with increasing convective Mach number, of all the components of the compressible pressure-strain tensor. The changes in the pressure-strain lead, as is established by DNS of several different flows [14, 15, 16] , to changes in the anisotropy of the Reynolds stresses. The changes predicted by the modeling for the normal and shear anisotropies are very consistent, in trend, with DNS data and especially with the DNS of the mixing layer of [14] -the flow configuration most similar to the one treated in this article. Comparisons between the computational predictions and laboratory resutls for the Reynolds stress and their behavior with increasing compressibility is poor. This is due to unknown experimental issues: the agreement between even the different laboratory experiments is poorer than the agreement between the numerical and experimental results.
All the laboratory data do however agree on the trend of the mixing layer growth rate with increasing compressibility: it decreases. The computational experiments conducted indicate that sizable reductions in the mixing layer growth rate accompany changes in the anisotropy of the turbulence due to the compressible aspects of the pressure-strain covariance.
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